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Abstract — A topological group G is extremely amenable if every continuous action of 
G on a compact space has a fixed point. Using the concentration of measure techniques 
developed by Gromov and Milman, we prove that the group of automorphisms of a Lebesgue 
space with a non-atomic measure is extremely amenable with the weak topology but not with 
the uniform one. Strengthening a de la Harpe's result, we show that a von Neumann algebra 
is approximately finite-dimensional if and only if its unitary group with the strong topology 
is the product of an extremely amenable group with a compact group. 



Quelques groupes extremement moyennables 

Resume — Un groupe topologique G est extremement moyennable si toute action continue 
de G sur un espace compact possede un point fixe. En utilisant les techniques de concentration 
de mesure developpees par Gromov et Milman, nous demontrons que le groupe des automor- 
phismes d'un espace de Lebesgue avec une mesure diffuse est extremement moyennable s'il 
est muni de la topologie faible, mais ne Vest pas avec la topologie uniforme. Si M est une 
algebre de von Neumann, nous montrons en utilisant un resultat de P. de la Harpe que M 
est approximativement de dimension finie si et seulement si son groupe unitaire ( muni de la 
topologie forte) est le produit d'un groupe compact et d'un groupe extremement moyennable. 
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Version franchise abregee. - - Un groupe topologique dont toute action continue 
sur un espace compact possede un point fixe est dit extremement moyennable 0. Un 
tel groupe non-trivial est moyennable, mais n'est jamais localement compact |23|| . 

Alors que les premiers exemples de tels groupes ont ete difficiles a trouver|]T3|, |T|, 
il a ete recemment demontre que de nombreux groupes "de dimensions infinies" sont 



extremement moyennables pL f|, 17, O]. Les preuves de ces resultats utilisent souvent 



les techniques de concentration de mesure dans des espaces de grandes dimensions. 

Rappelons qu'un mm- espace (X, d, /i) est la donnee d'un espace metrique (X, d) muni 
d'une mesure de probability /i. Une suite generalised (X a ,d a ,fi a ) de mm-espaces est 
dite de Levy si pout tout e > et toute famille d'ensembles boreliens A a C X a avec 
liminf fi a (A a ) > 0, on a lim fi a ((A a ) e ) = 1, oil A t denote le e-voisinage de A. 

Exemples. 

1 . Les groupes de permutations S n munis de la distance de Hamming et de la mesure 
uniforme (Maurey 

2. Les groupes orthogonaux SO(n) ou les groupes unitaires SU{n) avec la distance 
induite par la norme de Hilbert-Schmidt et la mesure de Haar normalisee (Gromov 
et Milman f|). 

Un groupe topologique metrisable est un groupe de Levy s'il existe une suite genera- 
lised (G a ) a£ A de sous-groupes compacts de G telle que 

1. La suite (G, d, fi a ) est de Levy, oil d denote une distance invariante a droite qui 
induit la topologie de G et oil fi a la mesure de Haar normalisee sur G a . 

2. Pour tout ensemble fini g 1: g 2 , ■ ■ • , de G et tout e > 0, il existe a G A tel que, 
pour tout (3 > a, d(gi, Gp) < e pour 1 < i < N. 

Generalisant legerement le resultat de (cf. 0] et nous avons 

Theoreme. — Un groupe de Levy est extremement moyennable. 

Soit (X, fi) un espace borelien standard muni d'une mesure de probabilite diffuse. 
Notons Aut*(X, /i) (resp. Aut (X, /z)) le groupe des automorphismes mesurables non- 
singuliers preservant la classe de la mesure /x (resp. preservant fi), muni de la topologie 
forte. 

Theoreme. — Tant Aut *(X, fi) que Aut (X, n) sont des groupes de Levy et done sont 
extremement moyennables. 

Corollaire. — Si fi est une mesure a-finie, Aut (X, fi) est extremement moyennable. 

Par contre, Aut (X, fi) muni de la topologie uniforme n'est pas extremement moyennable, 
que /i soit une mesure non-atomique finie ou infinie. 

Pour une algebre de von Neumann M, notons U(M) S son groupe unitaire muni de 
la topologie cr(M, M*). Nous avons alors les deux resultats suivants. 

Theoreme. — Soit M une algebre de von Neumann sans partie discrete finie. Alors 
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M est approximativement de dimension finie si et seulement si U(M) S est extremement 
moyennable. 

Corollaire. - Une algebre de von Neumann est approximativement de dimension 
finie si et seulement si son groupe unitaire U(M) S est le produit direct d'un groupe 
compact et d'un groupe extremement moyennable. 

Un groupe topologique G est fortement moyennable si toute action continue prox- 
imale de G sur un espace compact possede un point fixe ||. Utilisant un argument 
semblable a celui de [|T(J (Thm. 2), nous obtenons 

Corollaire. - - Une C*-algebre A est nucleaire si et seulement si son groupe unitaire 
U(A), muni de la topologie a(A,A*) (induite) faible, est fortement moyennable. 



§0. Introduction. Following || and [|J, we call a topological group whose each con- 
tinuous action on a compact Hausdorff space has a fixed point, extremely amenable or 
having the fixed point on compacta property. Since such a group satisfies Day's fixed 
point property, it is amenable. At the same time, an extremely amenable group is never 
locally compact, by this result of Veech ]23| (cf. also p0|): every locally compact group 
G acts freely on a suitable compact space. The first examples were difficult to find ||13|| , 
0. However, recently many 'infinite-dimensional' groups were shown to be extremely 
amenable: the unitary group U(Ti) s of an infinite-dimensional Hilbert space with the 
strong operator topology (Gromov and Milman ||), the group Li(X, U(l)) of measur- 
able maps from a non-atomic standard Borel space to the circle group with the topology 
of convergence in measure (Glasner and Furstenberg and Weiss, unpublished), the 
orientation-preserving homeomorphism groups Homeo + (I) and Homeo + (IR) ||17| , the 
group of isometries of the Urysohn metric space [pT9|| . Most of the proofs use the 
technique of concentration of measure on high- dimensional structures. 

If X is a standard Borel space endowed with a measure /i, we denote by Aut (X, /i) 
(resp. Aut*(A, //)) the group of all measure (resp. measure class) preserving transfor- 
mations of (X, fi) equipped with the weak topology. In this Note we show that, if is a 
non-atomic sigma-finite (resp. finite) measure, the groups Aut (A, //) and Aut* (A, /i) 
are extremely amenable. With the uniform topology the former group is shown to be 
non-amenable. Strengthening a de la Harpe's result fll2| , we show that a von Neumann 
algebra M is approximately finite-dimensional (AFD) if and only if its unitary group 
U(M) S with the strong topology is isomorphic to the product of an extremely amenable 
group with a compact one. As a corollary, we get a new characterization of nuclear 
C*-algebras. 
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§1. Levy families and groups. 

Definition 1.1 (|7|, |TB|). An mm-space is a triple (X,d,fi), where d is a metric on a 
set X and /i is a probability measure on (A, d). A net (A Q , d a , fi a ) of mm-spaces forms 
a Levy family if, whenever A a C X a are Borel subsets with liminf fi a (A a ) > 0, for each 
e > lim fi a ((A a ) e ) = 1. (Here A e denotes the e-neighbourhood of a set A.) 

1.2. Examples of Levy families. 1. (Maurey [Q.) The permutation groups S n of rank 
n > 1, equipped with the uniform measure and the Hamming distance, 

d B (a,T) = i|{i:(7(0^r(0.}| (1) 
n 

2. (Gromov and Milman ||.) The special orthogonal groups SO(n) (or the special 
unitary groups SU(n)), n > 1, with the Hilbert-Schmidt operator metric and the 
normalized Haar measure. 

The following definition and result slightly generalize those due to Gromov and 
Milman § (cf. @] and (TJ). 

Definition 1.3. A metrizable topological group G is a Levy group if there is a net 
(G a ) a £A of compact subgroups of G with the following properties: 

1. The family of mm-spaces (G,d,fi a ) is Levy, where d is any compatible right- 
invariant metric on G and fi a denotes the normalized Haar measure on G a . 

2. For every finite collection g 1 , g 2 , . . . , gN £ G, N G N, and every e > there is an 
a G A with the property: for all (3 > a and i — 1, 2, . . . , N, d{g^ Gp) < e. 

Theorem 1.4. Every Levy group is extremely amenable. □ 

§2. Automorphism groups of a Lebesgue space. Let A be a standard Borel 
space and let \x be a non- atomic probability measure on A. To every non- singular 
Borel automorphism T of (A,//) one associates a linear isometry $(T) of L 2 (A, //), 

HT)f(x) = ( ^J'V )) 2 /Cr -1 *), for x G A. (2) 

The strong operator topology on the unitary group of L 2 (A, fj) induces a Polish group 
topology on Aut*(A, //) (and also on Aut (A,//)), called the strong topology. A finer 
group topology, called the uniform topology, is determined on both groups by the metric 

d u (T, S) = n ({x G A: T(x) ^ S'(x)}) . 

Theorem 2.1. T/ie group Aut (A, //) o/ a// measure-preserving automorphisms of a 
non-atomic standard Borel space X , equipped with the strong topology, is a Levy group. 

Proof. We identify (A, fi) with ([0,1], A), where A is the Lebesgue measure, and 5V> 
with the subgroup of measure-preserving automorphisms of [0, 1] mapping each dyadic 
interval of rank n onto a dyadic interval of rank n via a translation. According to the 
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Weak Approximation Theorem (cf. e.g. |ID |, pp. 65-68), the union of the increasing 



sequence of such groups is everywhere dense in Aut ([0, 1], A). The restriction of the 
uniform metric d u to each S^n is the Hamming distance ([!]). Now the proof follows 



from Maurey's result (1.2.(1)) and Theorem |1.4j . □ 



Corollary 2.2. The group Aut (X) of all measure-preserving automorphisms of a 
standard sigma- finite measure space (X,fi), equipped with the strong topology, is ex- 
tremely amenable. 

Proof. For fi finite the result follows from Theorems |2J] and |1.4|, while for /i sigma- 



finite one approximates the group Aut (X, /i) with groups of finite measure-preserving 
automorphisms and uses a standard compactness argument. □ 

Denote by Aut (X, /i) u the group Aut (X, fi) equipped with the uniform topology. 

Theorem 2.3. The group Aut (X, fi) u is not amenable, where fi is either a finite or a 
sigma-finite non-atomic measure. 

Proof. Let fi be an invariant probability measure on X = SL(3, R)/SL(3, Z). For a 
Borel set A C X of measure ~, the function h A = Xa — Xa c belongs to the unit 
sphere § of Lq(X, ji) = {/ G L 2 {X,n): f x fdfi = 0}. There is a G-equivariant 
positive linear operator of norm 1 from the space UCB(S> ) of uniformly continuous 
bounded functions on S t° the space of right uniformly continuous bounded functions 
on Aut (X, ji) (with the left action of the group), under which a ip G UCB(S> ) goes 
to the function Aut (X,fj) 3 T i-> tp (&(T)h A ). (Cf. formula (0).) If Aut (X,/i) n were 
amenable, there would exist an Aut (X, fi) -invariant mean on UCB(§o), which would 
imply (Prop. 3.1 in |fL8|0 that the representation of SL(3, R) in Lq(X, /i) is amenable in 
the sense of Bekka, and by 0, Remark 5.10, would have a non-zero invariant vector, 



a contradiction. The infinite case is settled by an argument similar to one in [11]. □ 



Replacing the Weak Approximation Theorem by its generalization based on a result 



of Tulcea p2[ , we obtain the following result. 

Theorem 2.4. The group Aut*(X, y) of all measure class preserving automorphisms 
of a non-atomic standard Borel space (X,fi), equipped with the strong topology, is a 
Levy group and therefore extremely amenable. □ 

§3. Unitary groups of approximately finite dimensional von Neumann alge- 
bras. If M is a von Neumann algebra, we denote by U(M) S its unitary group endowed 
with the a(M, M*) -topology. If M is acting on a Hilbert space Ti, this topology on 
U (M) coincides with the strong operator topology. 

Theorem 3.1. Let M be a von Neumann algebra without finite atomic part. Then M 
is AFD if and only if its unitary group U(M) S is extremely amenable. 

Proof. Sufficiency follows from de la Harpe's result |T^], in which the separability as- 
sumption is not essential M. Necessity is a direct consequence of the following four 
Lemmas. □ 
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Lemma 3.2. The direct product of a family of extremely amenable groups, equipped 
with the product topology, is extremely amenable. 

Using the structure of type I von Neumann algebras and [[nj, Thm. 2.2, we have 

Lemma 3.3. If M is a finite non-atomic type I von Neumann algebra, then U(M) S is 
extremely amenable. 

Lemma 3.4. If M is a finite continuous AFD von Neumann algebra, then U(M) S is 
extremely amenable. 

Proof. Follows from a generalization of a result by Glasner-Furstenberg- Weiss (||19||, 
Thm. 2.2). □ 

Lemma 3.5. Let M be a properly infinite AFD von Neumann algebra. Then U(M) S 
is extremely amenable. 

Proof. By Elliott's results [[|, we can assume that M has a separable predual and is 
approximated by an increasing sequence of finite-dimensional factors. It follows that 
U(M) S is a Levy group. □ 

Corollary 3.6. A von Neumann algebra M is approximately finite dimensional if and 
only if its unitary group, U(M) S , endowed with the strong operator topology, is the 
product of a compact group and an extremely amenable group. 

A topological group G is called strongly amenable if every continuous proximal action 
of G on a compact space has a fixed point ||. By using an argument similar to that 
in |16| (Thm. 2), we obtain the following. 

Corollary 3.7. A C* -algebra A is nuclear if and only if its unitary group U(A), 
equipped with the topology cr(A, A*), is strongly amenable. 
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